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WARPED PRODUCT SKEW SEMI-INVARIANT
SUBMANIFOLDS OF ORDER 1 OF A LOCALLY
PRODUCT RIEMANNNIAN MANIFOLD
HAKAN METE TAS¸TAN
Abstract. We introduce warped product skew semi-invariant submanifolds
of order 1 of a locally product Riemannian manifold. We give a necessary
and sufficient condition for skew semi-invariant submanifold of order 1 to be a
locally warped product. We also prove that the invariant distribution which is
involved in the definition of the submanifold is integrable under some restric-
tions. Moreover, we find an inequality between the warping function and the
squared norm of the second fundamental form for such submanifolds. Equality
case is also discussed.
1. introduction
The theory of submanifolds is one of the most popular research area in differ-
ential geometry. In an almost Hermitian manifold, its almost complex structure
determines several types of submanifolds. For example, holomorphic (invariant)
submanifolds and totally real (anti-invariant) submanifolds are determined by the
behavior of the almost complex structure. In the first case the tangent space of
the submanifolds is invariant under the action of the almost complex structure.
In the second case the tangent space of the submanifolds is anti-invariant, that
is , it is mapped into the normal space. A. Bejancu [4] introduced the notion of
CR-submanifolds of a Ka¨hlerian manifold as a natural generalization of invariant
and anti-invariant submanifolds. A CR-submanifold is said to be proper if it is
neither invariant nor anti-invariant. The theory of CR-submanifolds has been a
most interesting topics since then. Slant submanifolds are another generalization
of invariant and anti-invariant submanifolds. This type submanifolds is defined
by B.Y. Chen [9]. Since then such submanifolds have been studied by many ge-
ometers (see [3, 8, 17] and references therein). If a slant submanifold is neither
invariant nor anti-invariant then it is said to be proper. We observe that a proper
CR-submanifold is never a slant submanifold. In [18], N. Papaghiuc introduced the
notion of semi-slant submanifolds obtaining CR-submanifolds and slant submani-
folds as special cases. A. Carriazo [8], introduced bi-slant submanifolds which is a
generalization of semi-slant submanifolds. One of the classes of such submanifolds
is that of anti-slant submanifolds. This type submanifolds are also generalization
of slant and CR-submanifolds. However, B. S¸ahin [23] called these submanifolds
as hemi-slant submanifolds because of that the name anti-slant seems to refer that
it has no slant factor. He also observed that there is no inclusion between proper
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hemi-slant submanifolds and proper semi-slant submanifolds. We note that hemi-
slant submanifolds are also studied under the name of pseudo-slant submanifolds
(see [14, 27]).
Skew CR-submanifolds of a Ka¨hlerian manifold are first defined by G.S. Ronsse
in [19]. Such submanifolds are a generalizations of bi-slant submanifolds. Conse-
quently, invariant, anti-invariant, CR, slant, semi-slant and hemi-slant submanifolds
are particular cases of skew CR-submanifolds. We notice that CR-submanifolds
in Ka¨hlerian manifolds correspond to semi-invariant submanifolds [5] in locally
product Riemannian manifolds. Therefore, skew CR-submanifolds in Ka¨hlerian
manifolds correspond to skew semi-invariant submanifolds in locally product Rie-
mannian manifolds. For the fundamental properties and further studies of skew
CR-submanifolds; see [19] and [26]. Skew semi-invariant submanifolds of a locally
product Riemannian manifold were studied first by X. Liu and F.-M. Shao in [16].
The notion of warped product was initiated by R.L. Bishop and B. O’Neill [6].
Let M1 and M2 be two Riemanian manifolds with Riemannian metrics g1 and g2
respectively. Let f be positive differentiable function on M1. The warped product
M = M1 ×f M2 of M1 and M2 is the Riemannian manifold (M1 ×M2, g), where
g = g1 + f
2g2 .
More explicitly, if U ∈ TpM , then
‖U‖2 = ‖dpi1(U)‖
2 + (f2 ◦ pi1)‖dpi2(U)‖
2 ,
where pii, i = 1, 2, are the canonical projections M1 ×M2 onto M1 and M2 respec-
tively. The function f is called the warping function of the warped product. If
the warping function is constant, then the manifold M is said to be trivial. It is
also known that M1 is totally geodesic and M2 is totally umbilical from [6]. For
a warped product M1 ×f M2, we denote by D1 and D2 the distributions given by
the vectors tangent to leaves and fibers respectively. Thus, D1 is obtained from
tangent vectors to M1 via horizontal lift and D2 is obtained by tangent vectors of
M2 via vertical lift. Let U be a vector field on M1 and V be vector field on M2,
then from Lemma 7.3 of [6], we have
(1.1) ∇UV = ∇V U = U(ln f)V ,
where ∇ is the Levi-Civita connection on M1 ×f M2.
Warped product submanifolds have been studying very actively since B.Y. Chen
[10] introduced the notion of CR-warped product in Ka¨hlerian manifolds. In fact,
different type warped product submanifolds of different kinds structures are studied
last thirteen years. For example; see [2, 15, 21, 22, 23, 24, 27]. Most of the stud-
ies related to this topic can be found in the survey book [11]. Recently, B. S¸ahin
[24] introduced the notion of skew CR-warped product submanifolds of Ka¨hlerian
manifolds which is a generalization of different kind warped product submanifolds
studied by many authors. We note that warped product skew CR-submanifolds of
a cosymplectic manifold were studied in [15].
In this paper, we define and study warped product skew semi-invariant subman-
ifolds of order 1 of a locally product Riemannian manifold. We give an illustrate
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example and prove a characterization theorem for the mixed totally geodesic proper
skew semi-invariant submanifold using some lemmas. In general, the invariant dis-
tribution of a submanifold is not integrable in a locally product Riemannian man-
ifold. However, we prove that the invariant distribution of a warped product skew
semi-invariant submanifold of order 1 is integrable in a locally product Riemannian
manifold under some restrictions. Finally, we obtain an inequality between the
warping function and the squared norm of the second fundamental form for such
submanifolds. Equality case is also considered.
2. preliminaries
Let (M¯, g, F ) be a locally product Riemannian manifold or, (briefly, l.p.R. man-
ifold). It means that [28] M¯ has a tensor field F of type (1, 1) on M¯ such that,
∀U¯ , V¯ ∈ TM¯ , we have
(2.1) F 2 = I, (F 6= ±I), g(FU¯, F V¯ ) = g(U¯ , V¯ ) and (∇U¯ F )V¯ = 0 ,
where g is the Riemannian metric, ∇ is the Levi-Civita connection on M¯ and I is
the identifying operator on the tangent bundle TM¯ of M¯ .
Let M be a submanifold of a l.p.R. manifold (M¯, g, F ) as an isometrically im-
mersed. Let ∇ and ∇⊥ be the induced, and induced normal connection in M and
the normal bundle T⊥M ofM , respectively. Then for all U, V ∈ TM and ξ ∈ T⊥M
the Gauss and Weingarten formulas are given by
(2.2) ∇UV = ∇UV + h(U, V )
and
(2.3) ∇Uξ = −AξU +∇
⊥
U ξ
where h is the second fundamental form of M and Aξ is the Weingarten endomor-
phism associated with ξ. The second fundamental form h and the shape operator
A related by
(2.4) g(h(U, V ), ξ) = g(AξU, V ) .
Themean curvature vector field H is given byH = 1
m
(trace h), where dim(M) = m.
The submanifold M is called totally geodesic in M¯ if h = 0 and minimal if H = 0.
If h(U, V ) = g(U, V )H for all U, V ∈ TM , then M is totally umbilical.
3. skew semi-invariant submanifolds of order 1
of a locally product Riemannian manifold
Let M¯ be a l.p.R. manifold with Riemannian metric g and almost product struc-
ture F. Let M be Riemannian submanifold isometrically immersed in M¯ . For any
U ∈ TM , we write
(3.1) FU = TU +NU .
Here TU is the tangential part of FU, and NU is the normal part of FU. Similarly,
for any ξ ∈ T⊥M , we put
(3.2) Fξ = tξ + ωξ ,
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where tξ is the tangential part of Fξ, and ωξ is the normal part of Fξ.
Using (2.1) and (3.1), we have g(T 2U, V ) = g(T 2V, U) for all U, V ∈ TM . It
says that T 2 is a symmetric operator on the tangent space TpM,p ∈M . Therefore
its eigenvalues are real and diagonalizable. Moreover, its eigenvalues are bounded
by 0 and 1. For each p ∈M , we set
Dλp = Ker{T
2 − λ2(p)I}p ,
where I is the identity endomorphism and λ(p) belongs to closed interval [0, 1] such
that λ2(p) is an eigenvalue of T 2p . Since T
2
p is symmetric and diagonalizable, there
is some integer k such that λ21(p), ..., λ
2
k(p) are distinct eigenvalues of T
2
p and TpM
can be decomposed as a direct sum of mutually orthogonal eigenspaces, i.e.
TpM = D
λ1
p ⊕ ...⊕D
λk
p .
For i ∈ {1, ..., k}, Dλip is a T -invariant subspace of TpM . We note that D
0
p = KerTp
and D1p = KerNp. D
0
p is the maximal anti F -invariant subspace of TpM where as
D1p is the maximal F -invariant subspace of TpM . We denote the distributions D
0
and D1 by D⊥ and DT , respectively from now on.
Definition 3.1. ([16]) Let M be a submanifold of a l.p.R. manifold M¯ . Then
M is said to be a generic submanifold if there exists an integer k and functions
λi, i ∈ {1, ..., k} defined on M with values in (0, 1) such that
(i) Each λ2i (p), i ∈ {1, ..., k} is a distinct eigenvalue of T
2
p with
TpM = D
⊥
p ⊕D
T
p ⊕D
λ1
p ⊕ ...⊕D
λk
p
for p∈M .
(ii) The dimension of D⊥, DT and Dλi , 1 ≤ i ≤ k are independent of p ∈M .
Moreover, if each λi is constant onM , then we say thatM is a skew semi-invariant
submanifold of M¯ .
In view of Definition 3.1, we observe that the following special cases.
Let M be a skew semi-invariant submanifold of a l.p.R. manifold M¯ as in Defi-
nition 3.1. Then
(a) If k=0 and D⊥={0}, then M is an invariant submanifold [1].
(b) If k = 0and DT ={0}, then M is an anti-invariant submanifold [1].
(c) If k=0, then M is a semi-invariant submanifold [5].
(d) If D⊥={0}=DT and k=1, then M is a slant submanifold [20].
(e) If D⊥={0},DT 6={0} and k=1, then M is a semi-slant submanifold [20].
(f) If DT ={0},D⊥ 6={0} and k=1, then M is a hemi-slant submanifold [25].
(g) If D⊥={0}=DT and k=2, then M is a bi-slant submanifold [8].
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Definition 3.2. A submanifold M of a l.p.R. manifold M¯ is called a skew semi-
invariant submanifold of order 1, if M is a skew semi-invariant submanifold with
k=1.
In this case, we have
(3.3) TM = D⊥ ⊕DT ⊕Dθ ,
where Dθ = Dλ1 and λ1 is constant. We say that a skew semi-invariant submanifold
of order 1 is proper, if D⊥ 6={0} and DT 6={0}.
A slant submanifold M of a l.p.R. manifold M¯ is characterized by
(3.4) T 2U = λU
such that λ ∈ [0, 1], where U ∈ TM , for details; see[20]. Moreover, if θ is the slant
angle of M , then we have λ = cos2θ. On the other hand, for any slant submanifold
M of a l.p.R. manifold M¯ , we have
(a) T 2 + tN = I, (b) ω2 +Nt = I,
(c) NT + ωN = 0, (d) T t+ tω = 0.(3.5)
For the proof of (3.5); see [25].
Throughout this paper, the letters V,W will denote the vector fields of the anti-
invariant distribution D⊥, U,Z will denote the vector fields of the slant distribution
Dθ and X,Y will denote the vector fields of the invariant distribution DT .
For the further study of skew semi-invariant submanifold of order 1 of a l.p.R.
manifold, we need to following lemmas.
Lemma 3.3. Let M be a proper skew semi-invariant submanifold of order 1 of a
l.p.R. manifold M¯. Then we have,
(3.6) g(∇VW,X) = −g(AFWV, FX) ,
(3.7) g(∇V Z,X) = − csc
2θ{g(ANTZV,X) + g(ANZV, FX)} ,
(3.8) g(∇ZV,X) = −g(AFV Z, FX) ,
for V,W ∈ D⊥, Z ∈ Dθ and X ∈ DT .
Proof. Using (2.2) and (2.1), we have g(∇VW,X) = g(∇V FW,FX) for V,W ∈
D⊥ and X ∈ DT . Hence, using (2.3), we get (3.6). In a similar way, we have
g(∇V Z,X) = g(∇V FZ, FX), where Z ∈ D
θ. Then using (3.1) and (2.1), we obtain
g(∇V Z,X) = g(∇V FTZ,X) + g(∇VNZ,FX). Hence, using (3.1) and (2.3), we
arrive at g(∇V Z,X) = g(∇V T
2Z,X) + g(∇VN(TZ), FX)− g(ANZV, FX). With
the help of (3.4), (2.2) and (2.3), we get (3.7). Similarly, one can obtain (3.8). 
Lemma 3.4. Let M be a proper skew semi-invariant submanifold of order 1 of a
l.p.R. manifold M¯. Then we have,
(3.9) g(∇UZ,X) = − csc
2θ{g(ANTZU,X) + g(ANZU, FX)} ,
(3.10) g(∇XY, Z) = csc
2θ{g(ANTZX,Y ) + g(ANZX,FY )} ,
(3.11) g(∇XY, V ) = g(AFVX,FY ) ,
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for X,Y ∈ DT , U,Z ∈ Dθ and V ∈ D⊥.
Proof. Let U,Z ∈ Dθ and X ∈ DT . Then using (2.2), (2.1) and (3.1), we have
g(∇UZ,X) = g(∇UFZ, FX) = g(∇UTZ, FX)+ g(∇UNZ,FX) Again, using (2.1)
and (2.3), we obtain g(∇UZ,X) = g(∇UFTZ,X)− g(ANZU, FX). Here, if we use
(3.5)-(a) and (3.4), then we get g(∇UZ,X) = cos
2θg(∇UZ,X) + g(∇UNTZ,X)−
g(ANZU, FX). After some calculation, we find (3.9). For the proof of (3.10), using
(2.2), (2.1) and (3.1), we have g(∇XY, Z) = g(∇XFY, FZ) = g(∇XFY, TZ) +
g(∇XFY,NZ) for X,Y ∈ D
T and Z ∈ Dθ. Again, using (2.1) and (2.3), we obtain
g(∇XY, Z) = g(∇XY, FTZ) + g(h(X,FY ), NZ). With the help of (3.5)-(a) and
(3.4), we get g(∇XY, Z) = cos
2θg(∇XY, Z) + g(∇XY,NTZ) + g(h(X,FY ), NZ).
Upon direct calculation, we find (3.10). In a similar way, we can obtain (3.11). 
Lemma 3.5. Let M be a proper skew semi-invariant submanifold of order 1 of a
l.p.R. manifold M¯. Then we have,
(3.12) g(∇VX,Z) = csc
2θ{g(ANTZV,X) + g(ANZV, FX)} ,
(3.13) g(∇UZ, V ) = sec
2θ{g(AFV U, TZ) + g(ANTZU, V )} ,
(3.14) g(∇XV, Z) = sec
2θ{g(AFVX,TZ) + g(ANTZX,V )} ,
for X ∈ DT , U,Z ∈ Dθ and V ∈ D⊥.
Proof. Using (2.2), (2.1) and (3.1), we have
g(∇VX,Z)=g(∇V FX,FZ)=−g(∇V FZ, FX)=−g(∇V TZ, FX)−g(∇VNZ,FX).
Again, using (2.1) and (2.3), we obtain g(∇VX,Z)=−g(∇V FTZ,X)+g(ANZV, FX).
Here, using (3.1) and (3.5)-(a), we get
g(∇VX,Z) = − cos
2θg(∇V Z,X) − g(∇VNTZ,X) + g(ANZV, FX). According to
direct calculation, we arrive at
g(∇VX,Z) = cos
2θg(∇VX,Z)+ g(ANTZV,X)+ g(ANZV, FX) which gives (3.12).
On the other hand, for any U,Z ∈ Dθ and V ∈ D⊥, using (2.2), (2.1) and (3.1), we
have g(∇UZ, V ) = g(∇UTZ, FV ) + g(∇UNZ,FV ). Hence, using (2.2) and (2.1),
we obtain g(∇UZ, V ) = g(h(U, TZ), FV ) + g(∇UFNZ, V ). Here, if we use (3.2)
and (2.4), we get g(∇UZ, V ) = g(AFV U, TZ) + g(∇U tNZ, V ) + g(∇UωNZ, V ).
With the help of (3.5)-(a), (3.5)-(c), (3.4) and (2.3), we arrive at
g(∇UZ, V ) = g(AFV U, TZ) + g(∇U (1 − cos
2θ)Z, V ) + g(ANTZU, V ). Upon direct
calculation, we find (3.13). Similarly, we can obtain (3.14). 
4. warped product skew semi-invariant submanifolds of order 1
of a locally product Riemannian manifold
In this section, we consider a warped product submanifold of typeM=M1×fMT in
a l.p.R. manifold M¯, where M1 is a hemi-slant submanifold and MT is an invariant
submanifold. Then, it is clear that M is a proper skew semi-invariant submanifold
of order 1 of M¯. Thus, from definition of hemi-slant submanifold and skew semi-
invariant submanifold of order 1, we have
(4.1) TM = Dθ ⊕D⊥ ⊕DT .
In particular, if Dθ = {0}, then M is a warped product semi-invariant submanifold
[21]. If D⊥ = {0}, then M is a warped product semi-slant submanifold [22].
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Remark 4.1. From Theorem 3.1 of [21], we know that there are no proper warped
product semi-invariant submanifolds of typeMT×fM⊥ of a l.p.R. manifold M¯ such
that MT is invariant submanifold and M⊥ is anti-invariant submanifold of M¯ . On
the other hand, from Theorem 3.1 of [22], we know that there is no proper warped
product submanifold in the form MT ×f Mθ of a l.p.R. manifold M¯ such that Mθ
is a proper slant submanifold and MT is an invariant submanifold of M¯ . Thus,
we conclude that there is no warped product skew semi-invariant submanifold of
order 1 of type MT ×f M1 of a l.p.R. manifold M¯ such that M1 is a hemi-slant
submanifold and MT is an invariant submanifold of M¯ .
We now present an example of warped product semi-invariant submanifold of
order 1 of type M1 ×f MT in a l.p.R. manifold.
Example 4.2. Consider the locally product Riemannian manifold R10 = R5 ×R5
with usual metric g and almost product structure F defined by
F (∂i) = ∂i, F (∂j) = −∂j ,
where i ∈ {1, ..., 5}, j ∈ {6, ..., 10}, ∂k =
∂
∂xk
and (x1, ..., x10) are natural coordinates
of R10. Let M be a submanifold of M¯ = (R10, g, F ) given by
φ(x, y, z, u, v) = (x+ y, x− y, xcosu, xsinu, z, −z, x, 2√
3
y, xcosv, xsinv) ,
where x > 0.
Then, we easily see that the local frame of TM is spanned by
φx = ∂1 + ∂2 + cosu∂3 + sinu∂4 + ∂7 + cosv∂9 + sinv∂10 ,
φy = ∂1 − ∂2 +
2√
3
∂8, φz = ∂5 − ∂6 ,
φu = −xsinu∂3 + xcosu∂4, φv = −xsinv∂9 + xcosv∂10 .
Then by direct calculation, we see that Dθ = span{φx, φy} is a slant distribution
with slant angle θ = arccos 1
5
and D⊥ = span{φz} is an anti-invariant distribution
since F (φz) is orthogonal to TM. Moreover, D
T = span{φu, φv} is an invariant
distribution. Thus, we conclude thatM is a proper skew semi-invariant submanifold
of order 1 of M¯ . Furthermore, one can easily see that Dθ ⊕ D⊥ and DT are
integrable. If we denote the integral submanifolds Dθ,D⊥ and DT by Mθ,M⊥ and
MT , respectively, then the induced metric tensor of M is
ds2 = 5dx2 + 10
3
dy2 + 2dz2 + x2(du2 + dv2)
= gMθ + gM⊥ + x
2gMT .
Thus,M = (Mθ×M⊥)×x2MT is a warped product skew semi-invariant submanifold
of order 1 of M¯ with warping function f = x.
Let Dθ and DT be slant and invariant distributions on M , respectively. Then
we say that M is (Dθ,DT ) mixed totally geodesic if h(Z,X)=0, where Z∈Dθ and
X∈DT [19].
Before giving a necessary and sufficient condition for skew semi-invariant sub-
manifold of order 1 to be a locally warped product, we recall that the S. Hiepko’s
result [13], (cf. [12], Remark 2.1): Let D1 be a vector subbundle in the tangent
bundle of a Riemannian manifold M and let D2 be its normal bundle. Suppose
that the two distributions are involutive. If we denote by M1 and M2 the integral
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manifolds of D1 and D2, respectively, thenM is locally isometric to warped product
M1 ×f M2 if the integral manifold M1 totally geodesic and the integral manifold
M2 is an extrinsic sphere, in other word,M2 is a totally umbilical submanifold with
a parallel mean curvature vector.
Theorem 4.3. Let M be a (Dθ,DT ) mixed totally geodesic proper skew semi-
invariant submanifold of order 1 with integrable distribution DT of a l.p.R. manifold
M¯ . Then M is a locally warped product submanifold if and only if
(4.2) AFV FX = −V [σ]X ,
and
(4.3) ANZFX +ANTZX = −Z[σ] sin
2θX
for X ∈ DT , Z ∈ Dθ, V ∈ D⊥ and a function σ defined on M such that Y [σ] = 0
for Y ∈ DT .
Proof. Let M =M1×fMT be a (D
θ,DT ) mixed totally geodesic warped product
proper skew semi-invariant submanifold of order 1 with integrable distribution DT
of a l.p.R. manifold M¯ . Then using (3.6) and (3.8), we have g(AFVW,FX) = 0
and g(AFV Z, FX) = 0 for any V,W ∈ D
⊥, Z ∈ Dθ and X ∈ DT . Since A is self
adjoint, we deduce that AFV FX has no components in TM1. So AFV FX ∈ D
T .
Thus, using (2.2), (2.1) and (1.1), for any Y ∈ DT , we obtain g(AFV FX, Y ) =
−g(∇Y FV, FX) =−g(∇Y V,X) =−g(∇Y V,X) = −V (lnf)g(X,Y ). Which proves
(4.2). Since M is (Dθ,DT ) mixed totally geodesic for any Z ∈ Dθ and X∈DT, we
have g(ANTZX,Z)= 0. It means that ANTZX has no components in D
θ. On the
other hand, from Lemma 3.3 of [25], we know that TZ∈Dθ for any Z∈Dθ. Thus,
using this fact and (1.1), from (3.14), we get g(ANTZX,V )= 0), that is, ANTZX
has no components in D⊥. Thus, from (4.1), we conclude that ANTZX ∈ DT .
Also, we have ANZX ∈ D
T . Then, for X,Y ∈ DT and Z ∈ Dθ, with the help of
(1.1), from (3.10), we have g(ANTZY,X) + g(ANZFY,X) = − sin
2θg(∇XZ, Y ) =
− sin2θZ(lnf)g(Y,X). This proves (4.3). Moreover, Y (lnf) = 0 for a warped prod-
uct proper skew semi-invariant submanifold of order 1, we obtain σ = lnf.
Conversely, suppose thatM is (Dθ,DT ) mixed totally geodesic proper skew semi-
invariant submanifold of order 1 with integrable distribution DT of a l.p.R. manifold
M¯ such that (4.2) and (4.3) hold. We know from Theorem 4.6 of [25], D⊥ is always
integrable. So, we have g(∇VW,X) = 0 for V,W ∈ D
⊥ and X ∈ DT . Using this
fact, (4.2), (4.3) and (3.7)-(3.9), it is not difficult to see thatM1 is totally geodesic in
M . LetMT be the integral manifold of D
T and hT be the second fundamental form
of MT in M . From (2.2), we have g(hT (X,Y ), V ) = g(∇XY, V ) for X,Y ∈ D
T and
V ∈ D⊥. Then, (3.11) imply that g(hT (X,Y ), V ) = g(AFV FY,X). Thus, using
(4.2), we obtain
(4.4) g(hT (X,Y ), V ) = −V [σ]g(Y,X) .
Similarly, from (2.2), we have g(hT (X,Y ), Z) = g(∇XY, Z) for X,Y ∈ D
T and Z ∈
Dθ.Using (3.10), we obtain g(hT (X,Y ), Z) = csc
2θ{g(ANTZY,X)+g(ANZFY,X)}.
Thus, from (4.3), we get
(4.5) g(hT (X,Y ), Z) = −Z[σ]g(X,Y ) .
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Thus, for any E = V + Z ∈ TM1, from (4.4) and (4.5), we arrive at
(4.6)
g(hT (X,Y ), E) = g(hT (X,Y ), V ) + g(hT (X,Y ), Z)
= −{V [σ] + Z[σ]}g(X,Y ).
Last equation (4.6) says that MT is totally umbilical in M. Let denote by grad
⊥σ
and gradθσ the gradient of σ on D⊥ and Dθ, respectively. From (4.6), we write
(4.7) hT (X,Y ) = −{grad
⊥σ + gradθσ}g(X,Y ).
Thus, for any E = V + Z ∈ TM1, we have
g(∇X(grad
⊥σ + gradθσ), E) = g(∇Xgrad⊥σ,E) + g(∇Xgradθσ,E)
= {Xg(grad⊥σ, V )− g(grad⊥σ,∇XE)}
+{Xg(gradθσ, Z)− g(gradθσ,∇XE)}
= X [V [σ]]− g(grad⊥σ,∇XE)+X [Z[σ]]− g(gradθσ,∇XE). On the other hand, if
we use (4.3) in (3.14), then we get g(∇XV, Z) = −g(∇XZ, V ) = 0. Using this fact,
we obtain
g(∇X(grad
⊥σ+ gradθσ),E)=X[V[σ]]− g(grad⊥σ,∇XZ)+X[Z[σ]]− g(gradθσ,∇XV )
Upon direct calculation, we arrive at
g(∇X(grad
⊥σ + gradθσ), E) = {X[Z[σ]]− [X,Z][σ] + g(grad⊥σ,∇ZX)}
+{X[V[σ]− [X,V ][σ] + g(gradθσ,∇VX)}. After some calculation, we get
g(∇X(grad
⊥σ + gradθσ), E)
= {Z[X [σ]] + g(grad⊥σ,∇ZX) + V [X [σ]] + g(gradθσ,∇VX)}.
Since X [σ] = 0, from the last equation, we derive
g(∇X(grad
⊥σ + gradθσ), E) = −g(∇Zgrad⊥σ,X)− g(∇V gradθσ,X).
Here, we know that ∇Zgrad
⊥σ,∇V gradθσ ∈ TM1, since M1 is totally geodesic.
Hence, we obtain g(∇X(grad
⊥σ+ gradθσ), E) = 0. It means that grad⊥σ+ gradθσ
is parallel in M. This fact and (4.7) imply that MT is an extrinsic sphere. This
completes the proof. 
5. a chen-type inequality for warped product
skew semi-invariant submanifolds of order 1
In this section, we prove that the invariant distribution which is involved in the
definition of the warped product proper skew semi-invariant submanifolds of order 1
of a l.p.R. manifold is integrable under some restrictions. We also give an inequality
similar to Chen’s inequality [10] for the squared norm of the second fundamental
form in terms of the warping function for such submanifolds. We first give the
following two lemmas for later use.
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Lemma 5.1. Let M =M1×f MT be a warped product proper skew semi-invariant
submanifold of order 1 of a l.p.R. manifold M¯. Then we have,
(5.1) g(h(X,V ), FW ) = 0
and
(5.2) g(h(X,V ), NZ) = 0 ,
for X ∈ DT , Z ∈ Dθ and V,W ∈ D⊥.
Proof. For any V,W ∈ D⊥ and X ∈ DT , using (2.2), (2.1) and (1.1), we get
g(h(X,V ), FW )=g(∇VX,FW )=g(∇VFX,W )=g(∇VFX,W )=V(lnf)g(FX,W )=0,
since g(FX,W ) = 0. Hence (5.1) follows. In a similar way, using (2.2), (2.1), (3.1)
and (1.1), we have
g(h(X,V ), NZ) = g(∇VX,NZ) = g(∇VX,FZ)− g(∇VX,TZ)
= g(∇V FX,Z)− g(∇VX,TZ)
= g(∇V FX,Z)− g(∇VX,TZ)
= V (lnf)g(FX,Z)− V (lnf)g(X,TZ) = 0,
since g(FX,Z) = 0 and g(X,TZ) = 0. 
Lemma 5.2. Let M =M1×f MT be a warped product proper skew semi-invariant
submanifold of order 1 of a l.p.R. manifold M¯. Then we have,
(5.3) g(h(X,FY ), FV ) = −V (lnf)g(X,Y )
and
(5.4) g(h(X,Y ), NZ) = TZ(lnf)g(X,Y )
for X,Y ∈ DT , Z ∈ Dθ and V ∈ D⊥.
Proof. Using (2.2) and (2.1), we have
g(h(X,FY ), FV ) = g(∇XFY, FV ) = g(∇XY, V ) = g(∇XY, V ) = −g(∇XV, Y ) for
any X,Y ∈DT and V ∈D⊥. Hence, using (1.1), we get easily (5.3). Last assertion
(5.4) follows from Lemma 3.1-(ii) of [2] by using linearity. 
Theorem 5.3. Let M = M1 ×f MT be an (q + m)-dimensional warped product
proper skew semi-invariant submanifold of order 1 of a l.p.R. manifold M¯ of di-
mension 2q + m, where dim(M1) = q and dim(MT ) = m. Then the invariant
distribution DT of MT is integrable.
Proof. For any X,Y ∈ DT , Z ∈ Dθ and V ∈ D⊥, using (5.3) and (5.4), we get
g(h(X,FY ), FV ) = g(h(FX, Y ), FV ) and g(h(X,FY ), NZ) = g(h(FX, Y ), NZ),
since g(X,FY ) = g(FX, Y ). Hence, we conclude that h(X,FY ) = h(FX, Y ), since
T⊥M = FD⊥ ⊕ NDθ, where T⊥M is the normal bundle of M in M¯ . Thus, our
assertion immediately comes from Theorem 1 of [5]. 
Let M be a (k+n+m)-dimensional warped product proper skew semi-invariant
submanifold of order 1 of a (2k+2n+m)-dimensional l.p.R. manifold M¯.We choose
a canonical orthonormal basis {e1, ..., em, e¯1, ..., e¯k, e˜1, ..., e˜n, e
∗
1, ..., e
∗
k, F e˜1, ..., F e˜n}
such that {e1, ..., em} is an orthonormal basis of D
T , {e¯1, ..., e¯k} is an orthonormal
basis of Dθ, {e˜1, ..., e˜n} is an orthonormal basis of D
⊥, {e∗1, ..., e
∗
k} is an orthonormal
basis of NDθ and {F e˜1, ..., F e˜n} is an orthonormal basis of FD
⊥.
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Remark 5.4. In view of (2.1), we can observe that {Fe1, ..., F em} is also an or-
thonormal basis of DT . On the other hand, with the help of the equations (3.5)
and (3.6) of [25], we can see that {secθT e¯1, ..., secθT e¯k} is also an orthonormal basis
of Dθ and {cscθNe¯1, ..., cscθNe¯k} is also an orthonormal basis of ND
θ.
We now state the main result of this section.
Theorem 5.5. Let M = M1 ×f MT be a (k + n+m)-dimensional warped product
proper skew semi-invariant submanifold of order 1 of a (2k+ 2n+m)-dimensional
l.p.R. manifold M¯. Then the squared norm of the second fundamental form of M
satifies
(5.5) ‖h‖2 ≥ m{‖∇⊥(lnf)‖2 + cot2θ‖∇θ(lnf)‖2} ,
where m = dim(MT ), ∇
⊥(lnf) and ∇θ(lnf) are gradients of lnf on D⊥ and Dθ,
respectively. If the equality case of (5.5) holds, then M1 is a totally geodesic sub-
manifold of M¯ and M is mixed totally geodesic. Moreover, MT can not be minimal.
Proof. In view of decomposition (4.1), the squared norm of the second fundamental
form h can be decomposed as
‖h‖2 = ‖h(DT ,DT )‖2 + ‖h(Dθ,Dθ)‖2 + ‖h(D⊥,D⊥)‖2
+2‖h(DT ,D⊥)‖2 + 2‖h(DT ,Dθ)‖2 + 2‖h(D⊥,Dθ)‖2.
Which can be written as follows:
(5.6)
‖h‖2 =
m∑
i,j=1
n∑
a=1
g(h(ei, ej), F e˜a)
2 +
m∑
i,j=1
k∑
r=1
g(h(ei, ej), e
∗
r)
2
+
n∑
a,b,c=1
g(h(e˜a, e˜b), F e˜c)
2 +
n∑
a,b=1
k∑
r=1
g(h(e˜a, e˜b), e
∗
r)
2
+
k∑
r,s=1
n∑
a=1
g(h(e¯r, e¯s), F e˜a)
2 +
k∑
r,s,q=1
g(h(e¯r, e¯s), e
∗
q)
2
+2
m∑
i=1
n∑
a,b=1
g(h(ei, e˜a), F e˜b)
2 + 2
m∑
i=1
n∑
a=1
k∑
r=1
g(h(ei, e˜a), e
∗
r)
2
+2
m∑
i=1
k∑
r=1
n∑
a=1
g(h(ei, e¯r), F e˜a)
2 + 2
m∑
i=1
k∑
r,s=1
g(h(ei, e¯r), e
∗
s)
2
+2
k∑
r=1
n∑
a,b=1
g(h(e¯r, e˜a), F e˜b)
2 + 2
k∑
r,s=1
n∑
a=1
g(h(e¯r, e˜a), e
∗
s)
2.
Here, using (5.1)-(5.3) and Remark 5.4, we have
(5.7)
m∑
i,j=1
n∑
a=1
g(h(ei, ej), F e˜a)
2 =
m∑
i,j=1
n∑
a=1
(−e˜a(lnf)g(ei, ej))
2
and
(5.8)
m∑
i,j=1
k∑
r=1
g(h(ei, ej), e
∗
r)
2 =
m∑
i,j=1
k∑
r=1
g(h(ei, ej), Ne¯r)
2csc2θ.
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Also, using (5.4) from (5.8), we get
(5.9)
m∑
i,j=1
k∑
r=1
g(h(ei, ej), e
∗
r)
2 =
m∑
i,j=1
k∑
r=1
(T e¯r(lnf)g(ei, ej))
2csc2θ.
Using (5.7) and (5.9) from (5.6), we get
(5.10) ‖h‖2 ≥ m‖∇⊥(lnf)‖2 +
m∑
i,j=1
k∑
r=1
(T e¯r(lnf)g(ei, ej))
2csc2θ .
In view of Remark 5.4, we replace e¯r by secθT e¯r in the last term of (5.10) and using
(3.4), we have
(5.11)
m∑
i,j=1
k∑
r=1
(T e¯r(lnf)g(ei, ej))
2csc2θ
=
m∑
i,j=1
k∑
r=1
cos4θ(e¯r(lnf)g(ei, ej))
2csc2θ) = m cot2θ‖∇θ(lnf)‖2.
Thus, using (5.11) in (5.10), we find (5.5).
Next, if the equality case of (5.5) holds, then from (5.6), we have
(5.12) h(D⊥,D⊥) = 0, h(Dθ,Dθ) = 0, h(D⊥,Dθ) = 0
and
(5.13) h(DT ,D⊥) = 0, h(DT ,Dθ) = 0.
Since M1 is totally geodesic in M , from (5.12) it follows that M1 is also totally
geodesic in M¯. On the other hand (5.13) imply that M is mixed totally geodesic.
Finally, if we suppose that M is minimal, then from (5.3) and (5.4), we conclude
that ‖∇(lnf)‖ = 0, which is a contradiction. 
Remark 5.6. Theorem 5.5 coincides with Theorem 4.2 of [21] in case Dθ = {0}. In
other word, Theorem 5.5 is a generalization of Theorem 4.2 of [21].
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